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INTRODUCTION
In this paper we construct master spaces for certain coupled vector bundle problems over
a fixed projective variety X.
From a technical point of view, master spaces classify oriented pairs (E, e, u) consisting
of a torsion free coherent sheaf E with fixed Hilbert polynomial, an orientation e of the
determinant of E, and a framing u :EPE
0
with values in a fixed reference sheaf E
0
,
satisfying certain semistability conditions. The relevant stability concept is new and does
not involve the choice of a parameter, but it can easily be compared to the older parameter-
dependent stability concepts for (unoriented) pairs.
The corresponding moduli spacesM have the structure of polarized projective varieties
endowed with a natural C*-action which can be exploited in two interesting ways:
1. The fixed point set MC* of the C*-action is a union
MC*"M
4063#%
XM
4*/,
XM
R
,
where M
4063#%
is a Gieseker moduli space of semistable oriented sheaves, M
4*/,
is a certain
(possibly empty) Grothendieck Quot-scheme, and the third term M
R
:"MC*C(M
4063#%
XM
4*/,
)
is the so-called ‘‘variety of reductions’’, which consists essentially of lower rank objects. The
structure as a C*-space can be used to relate ‘‘correlation functions’’ associated with the
different parts of MC* to each other [13].
2. Master spaces are also useful for the investigation of the birational geometry of the
moduli spaces Md of d-semistable pairs in the sense of [8].
Indeed, each of the Md’s can be obtained as a suitable C*-quotient of the master space
M, and it can be shown that every two quotients Md , Md{ are related by a chain of
generalized flips in the sense of [18].
When X is a projective curve with trivial reference sheaf E
0
"O=k
X
, our master space can
be considered as a natural compactification of the one described in [1] (see also [2] for the
case k"1). Their space becomes an open subset of ours whose complement is the
Quot-schemeM
4*/,
alluded to above (M
4*/,
is empty iff k(rk(E)). Applying the ideas of 1.
in this situation leads to formulas for volumina and characteristic numbers and to a new
proof of the Verlinde formula when k"1, and allows to relate Gromov—Witten invariants
for Grassmannians to simpler vector bundle data when k’rk(E).
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In the case of an algebraic surface X, master spaces can be viewed as algebraic analoga
of certain gauge theoretic moduli spaces of monopoles which can be used to relate
Seiberg—Witten invariants and Donaldson polynomials [12], [16]. The latter application
was actually our original motivation for the construction of master spaces.
The study of non-abelian monopoles on Ka¨hler surfaces leads naturally to the investiga-
tion of a certain moment map on an infinite-dimensional Ka¨hler space.
The associated stability concept, which is expected to exist on general grounds [11],
is precisely the one which gave rise to the stability definition for oriented pairs [13].
Since the moduli space of non-abelian monopoles admit an Uhlenbeck-type compacti-
fication [16], it was natural to look for a corresponding Gieseker-type compactification
of their algebro-geometric analoga. These compactifications, the master spaces for
stable pairs, provide very useful models for understanding the ends of monopole moduli
spaces in the more difficult gauge theoretical context [17]. Understanding these ends
is the essential final step in our program for relating Donaldson polynomials and
Seiberg—Witten invariants [12, 16]. Let us now briefly describe the main ideas and results of
this paper.
The construction of master spaces requires the study of GIT-quotients for direct sums of
representations, i.e. the construction of quotients P(A=B)44//G, where G is a reductive
group acting linearly on vector spaces A and B. Since the Hilbert criterion is difficult to
apply in this situation, we have chosen another approach instead. The idea is to use the
natural C*-action z ) Sa, bT :"Sa, zbT on P(A= B) which commutes with the given action
of G. Our first main result characterizes G-semistable points in P(A=B) in terms of
G-semistability of their images in all possible C*-quotients of P(A=B). The proof is based
on a commuting principle for actions of products of groups.
These results, which we prove in the first section, explain in particular why chains of flips
occur in GIT-problems for G]C*-actions [4, 18].
In the second section of our paper, after defining stability for oriented pairs (E, e, u), we
prove a crucial boundedness result and construct the corresponding parameter space B.
This space admits a morphism ı :BPP(Z) into a certain Gieseker space P(Z) which is
equivariant w.r.t. a natural action of a product SL]C* of C* with a special linear group.
The SL-action on P(Z) possesses a linearization in a suitable line bundle, and the preimage
of the subset P(Z)44 of SL-semistable points is precisely the open subspace B44LB of points
representing semistable oriented pairs. In order to prove this, we apply our GIT-Theorem
from the first section to the SL]C*-action on P(Z), and thereby reduce the proof to results
in [5, 7].
Then we show that the induced map ıN DB44 : B44PP(Z)44 is finite and hence descends to
a finite map ı6 :B44//SLPP(Z)44//SL. The quotient B44//SL, which is therefore a projective
variety, is our master space.
The ideas and techniques of this paper can also be applied to construct master spaces in
other interesting situations, e.g. by coupling with sections in twisted endomorphism
bundles. When X is a curve and the twisting line bundle is the canonical bundle, one obtains
a natural compactification of the moduli spaces of Higgs bundles [6, 15].
Similar ideas should also apply to coupling with singular objects like parabolic struc-
tures. We refer to [13] for a general description of the underlying coupling principle and its
application to computations of correlation functions.
Conventions. Our ground field is C. A polarization on a quasi-projective variety X is an
equivalence class [‚] of ample line bundles, where two line bundles ‚
1
and ‚
2
are
equivalent, if there exist positive integers n
1
and n
2
such that ‚?n1
1
:‚?n2
2
.
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If … is a finite dimensional vector space, we denote by P(…) its projectivization in the
sense of Grothendieck, i.e., the closed points of P(…) correspond to lines in the dual space
…[. We do not distinguish notationally between a vector space … and its associated
scheme.
1. A THEOREM FROM GEOMETRIC INVARIANT THEORY
1.1. Background material from GIT
Let G be a reductive algebraic group and let c : G "GL(…) be a rational representation
in the finite dimensional vector space …. The map c defines an action of G on the dual space
…[ given by
g )w :"w ° c (g~1) ∀g3G; w3…[
an action cN on the projective space P(…), and a linearization of this action in O
P(W)
(1). In the
following we identify H0(P(…), O
P(W)
(k)) with Sk….
Recall that a point x3P(…) is c-semistable if and only if the orbit closure G )w of any lift
w3…[TM0N does not contain 0. Denote by P(…)44c LP(…) the open set of semistable points
and by P(…)14c the set of c-polystable points, i.e. the semistable points whose orbit is closed
in P(…)44c . Equivalently, a point x3P (…) is polystable if and only if the orbit G )w of any
lift w3…[TM0N is closed in …[. With this terminology, x3P (…) is c-stable if and only if it
is polystable and its stabilizer G
x
is finite. Let nc : P(…)44c "Qc :"P(…)//cG be the categori-
cal quotient. There exist arbitrarily large n, for which Qc admits a projective embedding
j
n
: Qc9P(Sn…G) such that the following diagram commutes
(1)
In this diagram, v
n
stands for the nth Veronese embedding and p
G
is the projection
induced by the inclusion Sn…GLSn…. The space Qc comes with a natural polarization
represented by ‚
n
:"j*
n
OP(Sn…G) (1). Indeed, by (1) we have n*c‚n:OP(…)44c (n), and from the
commutative diagram
(2)
we infer ‚?n2
n1
:‚
n1n2
, hence
‚?n2
n1
:‚?n1
n2
, ∀n
1
,n
2
as above. (3)
Remark 1.1.1. In the following, we will mainly consider actions on projective spaces.
However, if X is a quasi-projective variety with an action of an algebraic group G which is
linearized in an ample line bundle ‚, then ‚?n induces, for n large enough, a G-invariant
embedding of X into P :"P(H0(‚? n)) such that the semistable, polystable, and stable
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points of X are mapped to the semistable, polystable, and stable points of P. Hence all the
results which we will prove hold also in this more general setting, and will be used in this
generality in Section 2.
1.2. Polarized C*-quotients
Let j :C*PGL(…) be a rational representation of C* in the finite dimensional vector
space … and let jN : C*]P(…)"P(…) be the induced action. The space …[ splits as
a direct sum
…[" ma
i/1
…[
i
where …[
i
is the eigenspace of the character s
di
:C*"C*, z>zdi. We assume
d
1
(d
2
(2(d
m
. Let x3P(…) and choose a lift w3…[TM0N of x. Define
dj
.*/
(x) :"minMd
i
D w has a non-trivial component in …[
i
N
dj
.!9
(x) :"maxM d
i
D w has a non-trivial component in …[
i
N.
PROPOSITION 1.2.1. (i) A point x3P(…) is j-semistable if and only if
dj
.*/
(x) 0)dj
.!9
(x).
(ii) A point x3P(…) is j-polystable if and only if either dj
.*/
(x)"0"dj
.!9
(x) or
dj
.*/
(x)(0(dj
.!9
(x).
Proof. Let w"(w
1
,2,wn)3…[TM0N be a lift of x, where we take coordinates with
respect to a basis of eigenvectors. For z3C*, we get
z )w"(0,2 , 0, zdj.*/ )wi0,2 , zdj.!9(x) )wir ,0,2, 0).
Using this description, the assertion becomes obvious. K
As remarked above, we can view j as a linearization of the action jN . There are two
natural ways of changing this linearization:
1. Multiplying j by a character: Let d be an integer, and denote by j
d
the representation
z> zd ) j (z) of C* in GL(…). This means that we change the O
P(W)
(1)-linearization of
jN by multiplying it with the character s
d
:C*"C*, z>zd.
2. Replacing j by a symmetric power: Let jk : C*"GL(Sk…) be the kth symmetric
power of j. This induces an O
P(W)
(k)-linearization of jN .
Now we combine both methods, i.e. we change jk to the representation jk
d
of C* in
GL(Sk…). As above, this defines an O
P(W)
(k)-linearization of jN . Altogether, we have a family
jk
d
, k3Z
;0
, d3Z, of linearizations of jN . Since two O
P(W)
(k)-linearizations of jN differ by
a character of C*, these are indeed all possible linearizations.
Every linearization jk
d
yields a polarized GIT-quotient (Qk
d
:"P(…)//jkdC*, [‚kd]), and
(Qk
d
, [‚k
d
]) and (Qk{
d{
, [‚k{
d{
]) are isomorphic as polarized varieties when the ratios d/k and d@/k@
coincide. To see this, one just has to observe that, for any positive integer t, the linearization
jt>k
t>d
is the tth symmetric power of the linearization jk
d
.
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Since for a point x3P(…) we have
djkd
.*/
(x)"k ) dj
.*/
!d, djkd
.!9
(x)"k ) dj
.!9
!d
we obtain the following corollary to Proposition 1.2.1:
PROPOSITION 1.2.2. (i) „he point x is jk
d
-semistable if and only if dj
.*/
(x) d/k)dj
.!9
(x).
(ii) „he point x is jk
d
-polystable if and only if either dj
.*/
(x)"d/k"dj
.!9
(x) or
dj
.*/
(x)(d/k(dj
.!9
(x). In particular, every point x3P(…) is jk
d
-polystable for suitable
numbers k3Z
;0
, d3Z.
For integers i with 1)i)2m we define the following intervals in P1Q :
I
i
:"G
P1QC[dm , d1] if i"2m
Md
i`1@2
N if i is odd
(d
i@2
,d
i@2`1
) if i is even.
COROLLARY 1.2.3. P(… )44jkd{"P (…)44jk{d{"P(…) if and only if there is an i with 1)i)2m,
such that I
i
contains both d/k and d@/k@.
We see that for the given action jN there are exactly 2m notions of stability. Denote by Q
i
,
i"1,2, 2m, the corresponding unpolarized GIT-quotients, where Q2m"0. Then, for any
i"1,2, 2m, there is a d with Qi"Q2d .
Remark 1.2.4. Bialynicki-Birula and Sommese [3] investigated C*-actions in a more
general context. Specialized to our situation, their main result is the following: Let j be
a C*-action on … with a decomposition of the dual space …["am
i/1
…[
i
as above. The
fixed point set of the induced C*-action on P(…) is given by Zm
i/1
P(…
i
). Set F
i
:"P(…
i
),
and define for each index i:
X`
i
:"Mx3P(…) D lim
z?0
z ) x3F
i
N"Mx3P(…
i
=2=…
m
) D x
i
O0N
X~
i
:"Mx3P(…) D lim
z?=
z ) x3F
i
N"Mx3P(…
1
=2=…
i
) Dx
i
O0N
and for iOj set C
ij
:"(X`
i
TF
i
)W(X~
j
CF
j
). This means C
ij
is empty for i*j and equal to
P(…
i
=2=…
j
)C(P(x
i/0
)XP(x
j/0
)) for i(j. We write F
i
(F
j
when C
ij
O0, i.e.
F
1
(F
2
(2(F
m
.
In the terminology of [3], F
1
is the source and F
m
is the sink. For each i with 1)i)m!1,
one has a partition of A :"M1,2 ,mN:
A"A~
i
XA`
i
, with A~
i
:"M1,2, iN and A`i "Mi#1,2, mN,
and an associated open set
”
i
:" Z
k|A~i , v|A`i
Ckl .
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The main theorem of [3] asserts that the ”
i
are the only Zariski-open C*-invariant subsets
of P(…) not intersecting the fixed point set whose quotients by the C*-action are compact.
One checks directly that ”
i
is the set of jk
d
-semistable points for any pair k, d with
d/k3(d
i
, d
i`1
).
Example 1.2.5. Consider an action j of C* on a finite dimensional vector space … such
that the dual space decomposes as …["…[
1
=…[
2
with weights d
1
(d
2
. If d3Z and
k3Z
;0
are such that d
1
(d/k(d
2
, then the set of jk
d
-semistable points is
P(…
1
=…
2
)T(P(…
1
)XP(…
2
)) and the quotient Qjkd is naturally isomorphic to
P(…
1
)]P(…
2
). The quotient map
n :P (…
1
=…
2
)T(P(…
1
)XP(…
2
))LP(…
1
=…
2
)P(…
1
)]P(…
2
)
is the obvious one.
CLAIM 1. „he polarization induced by jk
d
on P(…
1
)]P(…
2
) is the equivalence class of
the bundle OP(…
1
)]P(…
2
) (kd2
!d, !kd
1
#d). In particular, for every m, n3Z
;0
, the class
[OP(…
1
)]P(…
2
) (m, n)] occurs as an induced polarization.
Proof. Let ‚ :"OP(…
1
)]P(…
2
) (m, n) represent the induced polarization. From the descrip-
tion of n it follows that H0 (n*‚)jkd"n*H0(‚)"Sm…
1
?Sn…
2
is the set of bihomogenous
polynomials of bidegree (m, n), for some m, n. If Sm…
1
?Sn…
2
occurs as an eigenspace of the
induced C*-action on the space H0(OP(…
1
=…
2
) (m ) n)), then it must obviously be an eigen-
space for the character s
~(md1`nd2)`((m`n)@k)d
. Now invariance implies md
1
#nd
2
!
((m#n)/k)d"0, which can be written as m(kd
1
!d)#n (kd
2
!d)"0. This yields the first
assertion.
To prove the second part of the claim one has to find positive integers k, r and an integer
d such that the following equations hold:
kd
2
!d"rm
!kd
1
#d"rn
this results from a straightforward computation.
The other quotients are P(…
1
), P(…
2
) with the obvious polarizations, and 0.
1.3. Stability for actions of products of groups
Consider now two reductive groups G, H and a rational representation
o : G]H"GL(…) in the finite dimensional space …. We denote by c and j the induced
representations of G and H, respectively. Choose n large enough in order to obtain an
embedding j
n
:Qc9(Sn…G). Since the actions of G and H commute, j induces actions of
H on Qc , on Sn…G , and on P (Sn…G); for these actions jn is H-equivariant. The action of
H on Qc possesses a natural linearization in j*nOP(Sn…G) (1). By equation (3), the corresponding
concept of stability does not depend on the choice of n. Let us denote the set of semistable
points by Q44c and the set of polystable points by Q14c .
PROPOSITION 1.3.1. „he set of o-semistable points in the projective space P(…) is given by
P(…)44o"P(…)44c Wn~1c (Q44c ), and there exists a natural isomorphism Qc //jH:Qo .
Proof. Suppose x3P(…) is c-semistable and its image nc(x) is j-semistable in Qc . If n is
large, j
n
(nc (x)) is semistable in P(Sn…G), so that there exists an integer k*1 and a section
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sN 3H0(P(Sn…G), OP(Sn…G) (k))H not vanishing at jn (nc (x)). Identifying sN 3Sk(Sn…G)H with an
element of Skn…G]H, we obtain a G]H-invariant section in OP(…) (kn) not vanishing at x,
hence x is o-semistable.
Conversely, suppose x3P(…)44o . Then there exists, for some m*1, a section
s3H0(P(…), OP(…) (m))G]H with s(x)O0. Viewing s3Sm…G]H as an H-invariant element of
Sm…G, we see that x3P(…)44c Wn~1c (Q44c ). This proves the first assertion.
The second assertion follows immediately from the first one and the universal property
of the categorical quotient. K
The corresponding result for the polystable points is
PROPOSITION 1.3.2. „he set of o-polystable points is P(…)14o "P(…)14c Wn~1c (Q14c ).
Proof. Let x3P(…) be a c-polystable point with nc (x)3Q14c . By Proposition 1.3.1, x is
o-semistable. Choose a o-polystable point y3(G]H) ) xWP(…)44o . Projecting onto Qc , it
follows that nc(y) is contained in H )nc(x) and hence in H ) nc (x), because nc(x) is polystable
by assumption. Therefore, there exists an h3H with nc(x)"h ) nc(y)"nc(h ) y). But this
means that the closures of the G-orbits of x and h ) y intersect, so that G )xLG ) (h ) y)
WP(…)44c , since x is c-polystable. In particular, x3 (G]H) ) yWP(…)44o"(G]H) ) y. Hence
x is also o-polystable.
To prove the converse, suppose x is a o-polystable point. We first show that x is
c-polystable, too. Let y3G )xWP(…)44c be a c-polystable point. Since nc(y)"nc(x), it follows
from Proposition 1.3.1 that nc (y)3Q44c . Applying Proposition 1.3.1 again, we see that
y3P(…)44o . The orbit (G]H) )x being closed in P(…)44o , there exist g3G and h3H with
y"g ) h )x, i.e. x"h~1 ) g~1 ) y. Now g~1 ) y is c-polystable, hence x is c-polystable too,
because c and j commute. Finally, we must show that nc(x)3Q14c . Choose y such that
nc(y)3H )nc(x)WQ14c . We may assume that y is c-polystable. By what we have already
proved, y is o-polystable. Now nc(y) and nc(x) are mapped to the same point in
Qc //j H"Qo . But the projection no : P(…)44o "Qo separates closed o-orbits, thus
(G]H) )x"(G]H) ) y, and therefore H )nc(x)"H ) nc(y) is closed in Q44c . K
1.4. Applications to G]C*-actions
Let G be a reductive algebraic group possessing only the trivial character, so that for
any action of G on a projective variety » and any line bundle ‚ on » there is at most
one ‚-linearization of the given action. Consider a rational representation o of G]C*
in the finite dimensional vector space …. As above we denote by c and j the induced
representations of G and C*, respectively, and by oN , cN , and jM the induced action of G]C*, G,
and C* on P(…). Let P(…)4
i
LP(…)14
i
LP(…)44
i
be the set stable, polystable, or semistable
points w.r.t. the i-th stability concept for the action jM , and let I
i
, i"1,2, 2m, be the
associated intervals of rational numbers. The representation o induces an action of G on
Qk
d
which is equipped with a natural linearization in the ample line bundle ‚k
d
, and there
is no natural way to alter this linearization, because G does not possess a non-trivial
character. The corresponding concept of G-stability depends only on the rational para-
meter d/k.
Now fix a rational parameter g :"d/k3I
i
for some index i. A point y3Q
i
is called
g-stable (g-polystable, g-semistable) if it is G-stable (G-polystable, G-semistable) w.r.t. the
G-linearized line bundle ‚k
d
on Q
i
"Qk
d
.
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Recall that every point x3P(…) lies in P(…)14
i
for a suitable index i; let n
i
(x)3Q
i
be its
image under n
i
: P(…)14
i
"Q
i
.
THEOREM 1.4.1. Fix a point x3P(…). „hen the following conditions are equivalent:
(i) „he point x is G-semistable (G-polystable).
(ii) „here exists an index i and a parameter g3I
i
such that x3P(…)44
i
(x3P(…)14
i
) and
n
i
(x) is g-semistable (g-polystable).
Proof. We explain the semistable case; the arguments in the polystable case are similar.
Suppose first that x3P(…) is G-semistable. Choose n large enough (cf. Section 1.1) in order
to obtain a commutative diagram as in Eq. (2). Since c and j commute, the representation
jn :C*"GL(Sn… ) induces a representation j@ :C*"GL(Sn…G). By 1.2.2, we find k3Z
;0
and d3Z such that nc(x) is semistable w.r.t. the stability concept induced by (j@)kd on Qc .
Since (j@)k
d
is induced by the representation
jnk
d
:C* "GL(Sk(Sn…))
we may replace n by kn and, therefore, assume that nc(x) is semistable w.r.t. the stability
concept induced by (j@)
d
on Qc , for some integer d. We now apply Proposition 1.3.1 to the
representation
(cn]jn
d
) : G]C*" GL(Sn…).
(Note that this representation induces the action oN on P(…).) Since x3P(…) is c-semi-
stable, it is also cn-semistable. By construction, nc(x) is semistable w.r.t. the induced
C*-action on Qc, and hence x is cn]jnd-semistable by Proposition 1.3.1. Applying Proposi-
tion 1.3.1 the other way round, setting g :"d/k and choosing i with g3I
i
, it follows that
x3P(…)44
i
and that n
i
(x) is g-semistable. This settles the implication (i)N(ii).
To prove the other implication suppose x3P(…) fulfills the assumptions of (ii). By
definition and by Proposition 1.3.1, this means that there are k3Z
;0
and d3Z with g"d/k
such that x3P(…) is ck]jk
d
-semistable. This implies that x is ck- and hence c-semistable.
This concludes the proof. K
Remark 1.4.2. At this point it becomes clear why chains of flips appear: Let G, o, c, and
j be as above. We have constructed a family (ck]jk
d
) of linearizations of the action oN on
P(…). Each of these linearizations yields a GIT-quotient of P(…) by the action oN . This
family of quotients can be constructed in another manner: First take the G-quotient in order
to obtain a polarized variety (QI :"P(…)//cG, [‚]). The resulting C*-action on this variety
yields a family of quotients Q
i
, i"1, ..., 2n, where 2n is usually (much) larger than 2m, the
number of unpolarized C*-quotients of P(…) (see Example 1.4.3). But the family Q
i
,
i"1,2, 2n, coincides with the family P(…)//ck]jkdG]C*, k3Z;0 , d3Z. This phenom-
enon is responsible for the occurrence of chains of flips in these situations. It explains the
question which was left open in [14, 2.4 Remark (2), 2.5].
Example 1.4.3. Let …[ :"S3C2[= C2[ and let SL
2
(C) act on …[ in the following
way: Given ( f, p)3…[ and m3SL
2
(C), we interpret f and p as functions on C2 and set
(m ) f )(v) :"f (mt ) v) and (m ) p)(v) :"p(mt ) v); then we define m ) ( f, p) :"(m ) f, m ) p). Let C* act
on …[ by multiplication with zd1 on the first factor and by multiplication with zd2 on the
second one. The quotient » :"…[//SL
2
(C) is of the form Spec C[I, J, D, R], where I, J, D,
and R are certain bihomogenous polynomials of bidegrees (2, 2), (3, 3), (4, 0), and (1, 3) in the
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coordinates of S3C2[ and C2[. Furthermore, I, D, and R are algebraically independent, and
there is a relation
27J2" 1
256
DR2#I3 .
We examine the SL
2
(C)]C*-action on P (…). The quotient Q :"P(…)//SL
2
(C) is given by
Proj C[I, J, D, R] where I, J, D, and R have weights 4, 6, 4, and 4, respectively. The ring
C[I, J, D, R]
(12)
is generated by its elements in degree 1, i.e. by I3, I2D, I2R, ID2, IR2,
IDR, J2, D3, D2R, DR2, R3; hence there is an embedding Q9P(S12…SL2(C)). The C*-action
on Q can be extended to P(S12…SL2(C)) such that the weights of the corresponding action on
S12…SL2(C)[ are
6d
1
#6d
2
, 8d
1
#4d
2
, 5d
1
#7d
2
, 10d
1
#2d
2
, 4d
1
#8d
2
,
7d
1
#5d
2
, 12d
1
, 9d
1
#3d
2
, 3d
1
#9d
2
.
For a point in p3Q, d
.*/
(p) and d
.!9
(p) can take the values 6d
1
#6d
2
, 12d
1
, and 3d
1
#9d
2
.
Hence, for d
1
Od
2
, there are 6 different notions of semistability on Q, hence 6 different
notions of SL
2
]C*-semistability on P(…), whereas there are only 4 different notions of
C*-semistability on P(…).
2. ORIENTED PAIRS AND THEIR MODULI
Let X be a smooth projective variety over the field of complex numbers and fix an ample
divisor H on X. All degrees will be taken with respect to H and the corresponding line
bundle will be denoted by O
X
(1). Fix a torsion free coherent sheaf E
0
and a Hilbert
polynomial P. Finally, let Pic(X) be the Picard scheme of X and choose a Poincare´ line
bundle L over Pic(X)]X. If S is a scheme and E
S
a flat family of coherent sheaves over
S]X, then there is a morphism det
S
: S"Pic(X) mapping a closed point s to [det(E
SDMsN]X
)].
We setL[E
S
] :"(det
S
]id)*(L); this line bundle depends only on the isomorphism class
of the family E
S
. The Hilbert polynomial of a sheaf F will be denoted by PF . For any
non-trivial torsion free coherent sheaf F there is a unique subsheaf F
.!9
for which PF/rk
F is maximal and whose rank is maximal among the subsheaves F@ with PF{/rkF@
maximal. Set k
.!9
(F) :"k (F
.!9
).
2.1. Oriented pairs
An oriented pair of type (P,L, E
0
) is a triple (E, e, u) consisting of a torsion free coherent
sheaf E with Hilbert polynomial PE"P, a homomorphism e : detE"L[E], and a
homomorphism u :E"E
0
. The homomorphisms e and u will be called the orientation and
the framing of the pair (E, e, u). Two oriented pairs (E
1
, e
1
, u
1
) and (E
2
, e
2
, u
2
) are said to be
equivalent, if there is an isomorphism ( :E
1
"E
2
and a zC with e
1
"e
2 °
det ( and
u
1
"u
2 °
(. When ker(u)O0, we set
dE,uR :"PE!
rk E
rk ker(u)
.!9
P
,%3(u).!9
.
An oriented pair (E, e, u) of type (P,L, E
0
) is semistable, if either u is injective, or e is an
isomorphism, ker(u)O0, dE,u*0, and for all non-trivial subsheaves FLE
PF
rkF
! dE,u
rkF
) PE
rk E
! dE,u
rk E
.
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The corresponding stability concept is slightly more complicated: An oriented pair (E, e, u)
of type (P,L, E
0
) is stable, if either u is injective, or e is an isomorphism, ker(u)O0,
dE,u’0, and one of the following conditions holds:
1. For all non-trivial proper subsheaves FLE:
PF
rkF
! dE,u
rkF
( PE
rk E
! dE,u
rk E
.
2. uO0, ker(u)
.!9
is stable, and E:ker(u)
.!9
=E@, where the pair (E@, u) satisfies
PF
rkF
! dE,u
rkF
( PE@
rk E@
! dE,u
rk E@
∀ proper subsheaves 0OFLE@
PF
rkF
( PE@
rk E@
! dE,u
rk E@
∀ proper subsheaves 0OFLE@Wker(u).
Our (semi) stability concept is related to the parameter dependent (semi)stability concept of
[7] and [8] in the following way: Let d be a polynomial over the rationals with positive
leading coefficient. Recall that a pair (E, u) consisting of a torsion free coherent sheaf E with
PE"P and a non-zero homomorphism u :E"E0 is called (semi)stable w.r.t. d, if for any
non-trivial proper subsheaf FLE the following conditions hold:
PF
rkF
! d
rkF
()) PE
rk E
! d
rk E
,
PF
rkF
()) PE
rk E
! d
rk E
when FLker(u).
In this terminology, (semi) stable oriented pairs can be characterized as follows:
LEMMA 2.1.1. (i) An oriented pair (E, e, u) is semistable if and only if it satisfies one of the
following three conditions:
1. u is injective.
2. E is semistable and e is an isomorphism.
3. uO0, e is an isomorphism, and (E, u) is semistable w.r.t. some d’0.
(ii) An oriented pair (E, e, u) is stable if and only if it satisfies one of the following four
conditions:
1. u is injective.
2. E is stable and e is an isomorphism.
3. uO0, e is an isomorphism, and (E, u) is stable w.r.t. some d’0.
4. uO0, dE,u’0, e is an isomorphism, and E splits as ker(u).!9=E@, where ker(u).!9 is
stable and (E@, u) is stable w.r.t. dE,u .
We note that the stable oriented pairs appearing in Lemma 2.1.1 (ii) 4. are precisely those
pairs (E, e, u), for which e is isomorphic, uO0, dE,u’0, the pair (E, u) is polystable w.r.t.
dE,u , and which have only finitely many automorphisms. To see this, recall from [8] that for
a given d3Q[x], d’0, the polystable pairs (E, u) are those for which E splits in the form
E:E
1
=2=E
s~1
=E
s
,
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where the sheaves E
1
,2,Es~1 are stable subsheaves of ker(u), (Es, u) is a stable pair w.r.t.
d, and PE
1
/rk E
1
"2"PE
s~1
/rk E
s~1
"PE
s
/rk E
s
!d/rk E
s
.
This makes our assertion obvious.
Remark 2.1.2. Let (E, e, u) be a stable oriented pair of type 4. (see Lemma 2.1.1.(ii)). Then
dE,u is the only rational polynomial with positive leading coefficient w.r.t. which the pair
(E, u) is semistable. This follows from the equalities
PE@
rk E@
! dE,u
rkE@
" PE
rk E
! dE,u
rk E
P
,%3(u).!9
rk ker(u)
.!9
" PE
rk E
! dE,u
rk E
.
For all stability concepts introduced so far, there are analogous notions of slope-(semi)
stability. As usual, slope-stability implies stability and semistability implies slope-
semistability.
Let S be a noetherian scheme. A family of oriented pairs of rank r parametrized by S is
a quadruple (E
S
, e
S
, uL
S
, M
S
) consisting of a flat family E
S
of torsion free coherent sheaves of
rank r over the product S]X, an invertible sheaf M
S
on S, a morphism
e
S
: det E
S
PL[E
S
] ?n*
S
M
S
, and a morphism uL
S
: SrE
S
Pn*
X
SrE
0
? n*
S
M
S
with
uL S DMsN]X"Srus for any closed point s3S and a suitable us3Hom(ES DMsN]X, E0), so that the
pair (eS DMsN]X, uL S DMsN]X) is non-zero.
Two families (Ei
S
, ei
S
, uL i
S
, Mi
S
), i"1, 2, are called equivalent, if there exist an isomorphism
(
S
:E1
S
"E2
S
and an isomorphism m : M1
S
"M2
S
such that (idL[E1
S
]) ? n*Sm) ° e1S"e2S ° det (
and (idn*XSrE0 ?n*Sm) °uL 1S"uL 2S ° Sr(.
With these notions, we define the functors M44(P,L,E
0
) and M4(P,L,E
0
) of equivalence classes of
families of semistable and stable oriented pairs of type (P,L, E
0
).
Remark 2.1.3. Though the definition of a family may appear a little odd at first sight, it
will become clear that families must be defined in this way. One of the reasons is that the
families of the above type are precisely those which are locally induced by the universal
family on the parameter space which we will construct in Section 2.3.
The functors defined above do depend on the choice of the Poincare´ bundle and there is
no natural way to compare functors associated to different Poincare´ bundles.
2.2. A boundedness result
Here we show that the family of isomorphism classes of torsion free coherent sheaves
occurring in oriented slope-semistable pairs of type (P,L, E
0
) is bounded. We use
Maruyama’s boundedness criterion:
THEOREM 2.2.1 [10]. ‚et C be some constant. „he set of isomorphism classes of torsion
free coherent sheaves with Hilbert polynomial P and k
.!9
)C is bounded.
PROPOSITION 2.2.2. „he set of isomorphism classes of torsion free sheaves occuring in
a slope-semistable oriented pair of type (P,L, E
0
) is bounded.
Proof. Set C :"maxM k
.!9
(E
0
), k(E)N. Let (E, e, u) be a slope-semistable oriented pair of
type (P,L, E
0
). We claim that k
.!9
(E) C; in view of Maruyama’s theorem, this assertion
proves the proposition.
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Write a given non-trivial subsheaf F of E as an extension
0"FWker(u)"F"u(F)"0.
If F is entirely contained in the kernel of u, the definition of slope-semistability implies
k(F) k(E) C. IfF is isomorphic to u (F), then obviously k (F) k
.!9
(E
0
) C. In the
remaining cases
k (F)"k (FWker(u))rk(FWker(u))#k(u(F))rk u(F)
rkF
)rk(FWker(u))
rkF
k (E)#rk u(F )
rkF
k
.!9
(E
0
) C. K
2.3. The parameter space for semistable oriented pairs
By the boundedness result of the previous paragraph, there is a natural number m
0
such
that for all torsion-free coherent sheaves E occurring in a semistable oriented pair, and for
all m*m
0
the following properties hold true: E (m) is globally generated and
Hi (X, E(m))"0 for i’0. Let » be a complex vector space of dimension p :"P(m). There
exists a quasi-projective scheme Q, the Quot-scheme of torsion free coherent quotient
sheaves of »?O
X
(!m) with Hilbert polynomial P, and a universal quotient on Q]X:
qQ : V?n*XOX(!m)"EQ .
LetN be the sheaf nQ* (det(EQ)[?L[EQ]). By the universal property of the Picard scheme,
there is a line bundle M on Q such that
det(EQ)[?L[EQ]:n*QM.
This implies that N is invertible and
NS[q]T:H0(X, det(E[Q DM[q]N]X) ?L[EQ DM[q]N]X]).
Let NPQ be the associated geometric line bundle. The space N is a parameter space for
equivalence classes [q :»?O
X
(!m)"E, e] consisting of a quotient q :»?O
X
(!m)"E and
an orientation e : det(E)"L[E]. Here two objects (q
i
:»?O
X
(!m) "E
i
, e
i
), i"1, 2, are
equivalent, if there is an isomorphism ( :E
1
"E
2
with ( ° q1"q2 and e1"e2 °det( ).
Next we have to construct a parameter space for all oriented pairs. We choose m*m
0
so large that E
0
(m) is also globally generated. Every oriented pair yields an element in
K :"Hom(», H0(E
0
(m))) and hence an element in SrK.
On the projective bundle P :"P((N]SrK)[) pPQ there is a (nowhere vanishing) tauto-
logical section
s :OP "p* (N= (SrK?OQ))?OP(1).
Let
qP : V?n*XOX(!m) "EP
be the pullback of the universal quotient on Q]X to P]X. We view the pullback n*Ps of
s to P]X as a pair consisting of a homomorphism
eP : det(EP) "L[EP] ?n*POP(1)
and a homomorphism
iP : Sr»?OP]X "SrH0(E0(m))?n*POP (1).
128 Ch. Okonek et al.
Remark 2.3.1. For a scheme S, giving a morphism f : S"P is equivalent to giving a map
fN :S"Q - which yields the family E
S
:"( fN]id
X
)*EQ —, a line bundle MS
on S, and homomor-
phisms
e
S
: det(E
S
)"L[E
S
]PL[E
S
]?n*
S
M
S
i
S
: Sr»?O
S]X
"SrH0(E
0
(m))?n*
S
M
S
on S]X such that the pair (e
S DMsN]X
, k
S DMsN]X
) is non-zero for every closed point s3S. Of
course, for the morphism f determined by fN and (e
S
, i
S
, M
S
), we have fN"p °f, and there is an
isomorphism m :M
S
"fN *OP (1) such that
(idL[E
S
]?n*Sm) ° eS"( f]idX)*(eP)
(idn*XSrH0(E0(m)) ? n*Sm) °iS"( f]idX)*(iP).
Our parameter space B will be a closed subscheme of P whose closed points are of the form
[[q : V?O
X
(!m)"E, e], Srk], with [q, e]3N and k3K, such that there is a map u :E"E
0
making the following diagram commutative:
Scheme-theoretically, B is constructed as follows: On P]X, there is a homomorphism
uN P : Sr»?n*XOX(!rm)"n*XSrE0?n*POP (1).
Set GK :"ker(SrqP), choose n*m large enough so that GK DMbN]X(n) is globally generated and
without higher cohomology for any closed point b3P, and let
cL :G :"GK ?n*
X
O
X
(n) "n*
X
SrE
0
(n)?n*POP(1)
be the induced homomorphism. We first define a scheme BK whose closed points are those
elements b3P for which cL DMbN]X is the zero map. Since GDMbN]X and SrE0 (n) are globally
generated for any closed point b3P, the scheme BK is the zero locus of the following
homomorphism between locally free sheaves:
c :"nP*(cL ) :nP*G"nP* (n*XSrE0(n)?n*POP (1))"H0(SrE0(n))?OP(1).
The scheme B we are looking for is the scheme-theoretic intersection of Bª with the image in
P of the weighted projective bundle of weight (1, r) associated with the vector bundle N]K
over Q. There exists a universal family (EB, eB , uL B, MB): MB is the restriction of OP(1) to B,
qB and eB are the restrictions of qP and eP , and uB is induced by the restriction of uJ P
which factorizes through SrEB by definition. In the following, a closed point
b"[[q :»?"O
X
(!m), e], Srk]3B will be denoted by [q, e, u]; here u is the unique
framing on E induced by k.
Remark 2.3.2. By construction, a morphism fL :S"P factorizes through B if and only if it
factorizes through the image of the associated weighted projective bundle of N]K, and
( fL]id
X
)* (uL P) is identically zero on the kernel of the map ( fL]idX)*(SrqP).
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On the parameter space B, there is a natural action (from the right) of the group SL(»).
To define this action, it suffices to construct a SL(»)-action on P which leaves the scheme
B invariant. The standard representation of SL(») on » gives us the homomorphism
! :»?OQ]SL(»)]X "»?OQ]SL(»)]X.
Moreover, on Q]SL(»)]X there is the pullback of the universal quotient
n*Q]X(qQ) :»?n*XOX(!m) "n*Q]XEQ .
By the universal property of the Quot-scheme, n*Q]X(qQ) ° (!?idn*XQX (~m) ) yields a morphism
fN :Q]SL(»)"Q such that there is a well-defined isomorphism
(Q]SL(») : ( fN]idX)*EQ"n*Q]XEQ
with (Q]SL(») ° ( fM]idX)*(qQ)"n*Q]X (qQ) ° (!?idn*XOX(~m)). Let (P]SL(V) be the pullback of
(Q]SL(») to P]SL(»)]X, and set MP]SL(V) :"n*POP (1),
eP]SL(V) :"n*P]X(eP) °det (P]SL(»)
iP]SL(») :"n*P]X (iP) ° Sr((p]idSL(V)]X )*!).
By Remark 2.3.1, the data fN and (eP]SL(V), iP]SL(V), MP]SL(V)) define an action
f : P]SL(»)"P.
PROPOSITION 2.3.3. ‚et S be a noetherian scheme and let (E
S
, e
S
, uL
S
, M
S
) be a family of
semistable oriented pairs parametrized by S. „hen S can be covered by open subschemes S
i
for
which there exist morphisms b
i
:S
i
"B such that the restricted families (E
SDSi
, E
SDSi
,uL
SDSi
, M
SDSi
)
are equivalent to the pullbacks of (EB , eB , uL B , MB) via the maps bi]idX .
Proof. The scheme S can be covered by open subschemes S
i
such that the family
ES DS
i
over S
i
]X can be written as a family of quotients:
q
Si
:»?n*
X
O
X
(!m)"ES DS
i
.
Each q
Si
defines a morphism fN
i
: S
i
"Q such that there is a well-defined isomorphism
(
Si
: E
Si
:"( fN
i
]id
X
)*EQPES DS
i
. Define M
Si
:"MS DS
i
,
e
Si
: det(E
Si
) $%5(Si&&" detE
SDSi
eSDSi&"L[E
SDSi
]? n*
Si
M
Si
uL
Si
: SrE
Si
Sr(Si&&" SrESDS
i
uL
SDSi&&" n*
X
SrE
0
? n*
Si
M
Si
.
The homomorphism uL
Si
yields a homomorphism
iN
Si
: Sr»?O
Si]X
"n*
X
SrE
0
(m)?n*
Si
M
Si
and hence a homomorphism
i
Si
:"n*
Si
n
S*i
(iN
Si
) :Sr»?O
Si]X
PSrH0(E
0
(m ))? n*
Si
M
Si
,
here we have used the fact that our definition of a family implies that the map
n
Si*
(iN
Si
) :Sr»?O
Si
"H0(SrE
0
(m))?M
Si
factorizes through SrH0(E
0
(m))?M
Si
.
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By Remark 2.3.1, the quadruple ( fN
i
, e
Si
, i
Si
, M
Si
) determines a morphism b
i
: S
i
PP. It is
clear that the morphism b
i
factorizes through B and that the family (E
Si
, e
Si
, uL
Si
, M
Si
) is the
pullback of the universal family by b
i
]id
X
. The family (E
Si
, e
Si
, uL
Si
, M
Si
) is equivalent to
(ESDS
i
, eS DS
i
, uL S DS
i
, MS DS
i
) by construction. K
Let B*40 be the open subscheme of oriented pairs [q, e, u] for which H0(q(m)) is an
isomorphism. The maps constructed in the above proof factorize through B*40 .
PROPOSITION 2.3.4. ‚et S be a noetherian scheme and let b
i
: S"B*40, i"1, 2, be two
morphisms such that the pullbacks of (EB, eB, uL B, MB) via the maps (bi]idX) are equivalent
families. „hen there exists an e& tale cover g :„"S and a morphism g :„"SL(») such that
b
1 °
g"(b
2 °
g) ) g.
Proof. Denote the two families by (Ei
S
, ei
S
, uL i
S
, Mi
S
), and let (
S
: E1
S
"E2
S
be the corres-
ponding isomorphism. The bundles Ei
S
can be written as quotients qi
S
: V?n*
X
O
X
(!m)"Ei
S
,
and there is a morphism g
S
: S"GL(») making the following diagramm commutative:
As in the proof of [7, Lemma 1.15], one constructs an e& tale cover g :„"S such that
there is a morphism d :„"C* with (d(t))p"det(g
S
(g (t))) for any closed point t3„. Now
define g :"d ) (g
S °
g). In view of the description of the SL(»)-action at the beginning of this
section, the assertion is obvious. K
2.4. The GIT-construction
Let A be the union of the finitely many components of Pic(X ) meeting the image of
detB : B"Pic(X). We may choose m so large that the restriction of the line bundle
LDA]X?n*XOX (rm) to MaN]X is globally generated and without higher cohomology for any
closed point a3A. The direct image sheaf nA
*
(LDA]X?n*XOX(rm)) is then locally free and
commutes with base change. The same holds for Hom("r»?OA , nA
*
(LDA]X
?n*
X
O
X
(rm)));
let H be the geometric vector bundle associated to this locally free sheaf. Consider the
homomorphism
pN :
r
§»?ON]X"det EN?n*XOX (rm)
eN&"L[EN]?n*XOX (rm).
By the universal property of the scheme H, the pushforward nN
*
(pN) determines a morphism
of schemes N"H and hence a morphism N]SrK"H]SrK. Let Z be the vector bundle
(H]SrK)[ over A, and denote by P (Z) the associated projective bundle. P(Z) can be
polarized by tensorizing OP(Z)(1) with the pull back of a very ample line bundle from A.
On P(Z) there is a natural action of the group SL(») from the right, which is trivial on
the base A and admits a canonical linearization in the polarizing line bundle. We have
a natural morphism
ı :B)P"P(Z)
which is equivariant w.r.t. the given actions.
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Let us describe the effect of ı on closed points: Given b3B, let (E
b
, e
b
, u
b
) be the oriented
pair induced by the restriction of (EB , eB, uL B) to MbN]X, i.e., Eb and eb are the restrictions of
EB and eB and ub is a framing with Srub"uL BDMbN]X (ub is unique up to an r-th root of unity).
The point b is mapped to [L[E
b
], h, Srk] with
h :
r
§ »"H0(det(E
b
) (rm)) H
0(eb(rm))&&" H0(L[E
b
](rm))
and k"H0 ((u
b °
q) (m)). A point in P(Z) is SL(»)-(semi)stable if it is semistable in the
projective space P((Hom(§r», H0(LDMaN]X(rm)))=SrK)[), where a is its image in A.
Let B44 (B4) be the open subscheme of points [q, e, u] such that the triple (E, e, u) is a
semistable (stable) oriented pair and such that the homomorphism H0(q(m)) :»"H0(E (m))
is an isomorphism.
THEOREM 2.4.1. For m large enough, B44"ı~1(P(Z)44), and B4"ı~1(P(Z)4).
Before we can start with the proof, we have to recall some definitions and results from
[7] and [8]. Let (E, u) be a pair consisting of a torsion-free coherent sheaf E with PE"P
and a non-trivial framing u.
Let dN be any positive rational number. The pair (E, u) is called sectional (semi) stable
w.r.t. dN , if there is a subspace »LH0 (E) of dimension s(E)"P (0) such that the following
conditions are satisfied:
1. For all non-trivial submodules F of ker(u):
(rk E)dim(H0(F)W»)( )rkF(s(E)!dN ).
2. For all non-trivial submodules FOE:
(rk E)dim(H0(F)W»)( )rkF(s(E)!dN )#(rk E)dN .
Then we have the following result [8, Theorem 2.1].
THEOREM 2.4.2. For any polynomial d, there exists a natural number m
1
such that for all
m*m
1
the following conditions are equivalent for a pair (E, u):
(i) (E, u) is (semi)stable w.r.t. the polynomial d.
(ii) (E, u)(m) is sectional (semi)stable w.r.t. d(m).
Let (q :»?O
X
(!m)"E, u) be a pair consisting of a generically surjective map q of
»?O
X
(!m) to a torsion-free sheaf E with PE"P and a non-zero homomorphism
u :E"E
0
. We can associate to this pair an element ([h], [k])3P(H[)]P(K[), where
H :"Hom(§r», H0(L[E](rm))). There is a natural SL(»)-action on P(H[)]P(K[) which
can be linearized in every sheaf O(a
1
, a
2
), where a
1
and a
2
are positive integers. Define
l :"a
2
/a
1
and dN :"pl/(rkE#l). The proof of [7], Proposition 1.18 is valid in any dimension
and yields the following
THEOREM 2.4.3. ‚et (q :»?O
X
(!m)"E, u) be as above. „he associated element
([h], [k]) is (semi)stable w.r.t. the linearization in O(a
1
, a
2
) if and only if the following two
conditions are satisfied:
(i) „he homomorphism H0 (q(m)) is injective.
(ii) „he pair (E, u)(m) is sectional (semi)stable w.r.t. dN .
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We also need the following obvious observation:
LEMMA 2.4.4. ‚et (q :»?O
X
(!m)"E, u) be as above. „he following conditions are
equivalent:
(i) „he homomorphism k"H0((u ° q)(m)) is injective.
(ii) „he associated element [k]3P(K[) is stable.
After these preparations, we return to our situation. Let B
0
LB be the open set of all
oriented pairs [q, e, u] for which E is semistable, and define for each polynomial d the set
Bd as the open set of oriented pairs (E, e, u) with uO0 such that (E, u) is semistable w.r.t. d.
The union B@ :"B
0
XZBd is quasi-projective, hence quasi-compact, so that there exist
finitely many polynomials, say, d
1
,2, ds with B@"B0XBd1X2XBds. Let M be some
constant. By [10, Theorem 1.7] the set of points b3B such that k
.!9
(EBDMbN]X) M is open.
Since B is quasi-compact, there is a constant k
0
such that k
.!9
(EBDMbN]X) k0 for all b3B.
We also know that the family Ker of kernels of framings of semistable oriented pairs is
bounded. It follows that k
.!9
(ker(u)), for ker(u)3Ker, can only take finitely many values.
As in [8, Lemma 2.7] this implies that there are only finitely many polynomials of the form
P
,%3(u).!9
. In particular, there are only finitely many polynomials of the form
PE!(rk E/rk ker(u).!9)P,%3(u).!9 .
We assume in the following that these polynomials are among d
1
,2 , ds , and that the
chosen m is large enough, so that Theorem 2.4.2 holds for all d
i
and set dN
i
:"d
i
(m).
THEOREM 2.4.5. Suppose m is sufficiently large. ‚et [q, e, u]3B be a pair with uO0
which is not (semi)stable. „hen there is no positive rational number dN such that (E, u) (m) is
sectional (semi)stable w.r.t. dN .
Proof. Denote by S the bounded set of equivalence classes of pairs (E, u) for which
there is an element [q, e, u]3B.
By the above, any pair (E, u)3S satisfies k
.!9
(E) k
0
. Let dJ be a rational polynomial
of degree dim X!1 whose leading coefficient dJ
0
satisfies k (E)#dJ
0
*maxM0, k
0
N. One can
now copy the proof of [8, p. 305] to show that there is a constant C such that for any
submodule (EI , uJ ) of a pair (E, u)3S either Ddeg(EI )!rk EI k (E)D(C, or for all m large
enough
h0 (EI (m))
rk EI
!d
J (m )
rk EI
(PE(m )
rk E
!d
J (m )
rk E
if EI L/ ker(u),
h0(EI (m))
rk EI
(PE(m )
rk E
!d
J (m )
rk E
otherwise.
Recall that a submodule EIJ LE is called saturated, if the quotient E/EI is torsion free.
The family of saturated submodules EI of modules E with (E, u)3S satisfying
Ddeg(EI )!rkEI k (E)D(C is bounded [8, Lemma 2.7]. Denote this family by S3 . There are
only finitely many possibilities for the Hilbert polynomials of those submodules. Let d@
j
be
the finite family of polynomials of the form PE!(rk E/rk E@) PE@ where E@ is a saturated
submodule of ker(u) for some (E, u)3S3 , and d@@
k
be the finite family of polynomials of the
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form (rk E@@PE!rk EPEA)/(rk E!rk E@@) where E@@ is a saturated submodule of a pair
(E, u)3S3 not contained in the kernel of u. We may assume that dJ , the d@
j
’s and the d@@
k
’s with
positive leading coefficients are among d
1
,2 , ds . Next, we choose m large enough, so that
EI (m) is globally generated and has no higher cohomology for all E3 3S3 . Let (E, u) be a pair
which is not semistable w.r.t. any of the polynomials d
1
,2, ds . This is equivalent to (E, u)
(m) not being sectional semistable w.r.t. any of the numbers dN
1
,2 , dN s . Since (E, u) is
not semistable w.r.t. dJ , there is either a saturated submodule E@
0
Lker(u) with
dE@
0
:"PE!(rk E/rk E@0) PE@0(d
J , or there exists a saturated submodule E@@
0
L/ ker(u) such
that
dE@@
0
:"(rk E@@
0
PE!rk EPE@@
0
)/(rk E!rk E@@
0
)’dJ .
In the first case suppose that dE@
0
is minimal and in the second that dE@@
0
is maximal. We
consider only the first case, since the second can be treated similarly. If dE@
0
)0, then we are
done. Otherwise, set d@
i0
:"dE@
0
. By the minimality of d@
i0
, any submodule E@ of ker(u) satisfies
(rk E)dim H0 (E@(m)) rk E@ (p!dN @
i0
)
and for E @"E@
0
we have equality. Since E is not sectional semistable w.r.t. dN @
i0
, there must
exist a submodule E@@L/ ker(u) with
(rk E)dim H0(E@@(m))’rk E@@(p!dN @
i0
)#(rk E)dN @
i0
.
This makes it obvious that (E, u) cannot be sectional semistable w.r.t. to any positive
rational number.
We still have to prove the ‘‘stable’’ version of the proposition. For this we enlarge the
constant C such that !C)!d0
i
, i"1,2 , s, where d0i is the leading coefficient of di . If
(E, u) is a pair which is semistable w.r.t. the polynomial, say, d
i0
but not stable w.r.t. any
other polynomial d, then there must exist submodules E@Lker(u) and E@@ belonging to
S3 with
PE@
rk E@
"PE!di0
rk E
and
PEA!di0
rk EA
"PE@!di0
rk E
.
Since m was so large that all modules in S3 are globally generated and without higher
cohomology, this gives
(rk E)dim H0(E@ (m))"(rk E@)(p!dN
i0
)
(rk E)dim H0(E@@ (m))"(rk E@@)(p!dN
i0
)#(rk E)dN
i0
and hence the assertion. K
2.5. Proof of Theorem 2.4.1
For b3B, put H
b
:"Hom(§r», H0(L[E
b
](rm))) and P
b
:"P((H
b
=SrK)[). The space
P
b
admits the following natural C*-action:
z ) [h, kL ] :"[h, zkL ]"[z~1h, kL ].
By Example 1.2.5, this C*-action can be linearized in such a way that the quotient is either
P(H[
b
), P((SrK)[), or P(H[
b
)]P((SrK)[) equipped with the polarization [O(a
1
, a
2
)] for any
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prescribed ratio a
2
/a
1
. We are now able to apply our GIT-Theorem 1.4.1 to reduce
Theorem 2.4.1 to Theorem 2.4.3.
First we explain the assertion about semistability: Suppose that b"[q, e, u] lies in B44.
Then either u is injective, or E is semistable, or uO0 and the pair (E, u) is semistable w.r.t.
some d
i
. If u is injective, we linearize in such a way that we obtain P((SrK)[) as the quotient.
By Lemma 2.4.4, the point [k] is semistable in P(K[) and hence [Srk] is semistable in
P((SrK)[). This implies by Theorem 1.4.1 that [h, Srk] is semistable in P
b
. If E is semistable,
we linearize the C*-action in such a way that the quotient P
b
//C* is given by P(H[
b
). By [5],
Theorem 0.7 (which does not depend on dimension 2), the point [h] is then semistable in
P(H[
b
), and hence [h, Srk] is SL(») -semistable in P
b
by Theorem 1.4.1. If uO0, eO0 and
(E, u) is semistable w.r.t. d
i
, we choose the linearization of the C*-action in such a way that
the quotient is P(H[
b
)]P((SrK)[), equipped with a polarization [O(ra
1
, a
2
)] satisfying
(a
2
/a
1
)"rkEdN
i
/(p!dN
i
). By Theorem 2.4.3, ([h], [Srk]) is semistable and thus [h, Srk] is
semistable.
Conversely, suppose [h, Srk] is SL(»)-semistable. By Theorem 1.4.1 there is a lineariz-
ation of the C*-action such that the image of [h, Srk] is SL(») -semistable in the quotient
P
b
//C* . There are three possible quotients: If the quotient is P((SrK)[), then semistability
implies that [k] is semistable in P(K[) and hence that k is injective. It follows that E is
a subsheaf of E
0
, since k injective means H0(ker(u(m)))"M0N and we may assume that m is
so large that ker(u(m)) is globally generated. If the quotient is P(H[
b
), thenE is semistable by
[5], loc. cit.. If the quotient is P(H[
b
)]P((SrK)[) with polarization [O(a
1
, a
2
)], then (E, u) is
sectional semistable w.r.t.
dN :"p(ra
2
/a
1
)/(rk E#(ra
2
/a
1
)).
In view of Theorem 2.4.2 and Theorem 2.4.5, (E, u) is semistable w.r.t. some d, hence
[q, e, u] lies in B44 .
We still have to identify the stable points. As the proof of Proposition 2.3.4 shows, the
oriented pair (E, e, u) given by a point b"[q, e, u]3B has only finitely many automor-
phisms if and only if the associated point [h, Srk]3P
b
has a finite SL(»)-stabilizer. Let
b"[q, e, u] be a point whose associated element [h, Srk] in P
b
is stable. If h"0 or k"0,
then it is easy to see that the corresponding element [Srk]3P((SrK)[) or [h]3P(H[
b
) is
stable. Hence H0(q(m)) is an isomorphism and either u is injective or E is a stable sheaf. In
both cases, the oriented pair (E, e, u) is stable and H0(q(m)) is an isomorphism, in other
words b3Bs. If both hO0 and kO0, then by 1.4.1 ([h], [Srk])3P(H[
b
)]P((SrK)[) is
a polystable point w.r.t. the polarization, say, O(a
1
, a
2
). By what we have already proved,
(E, u) is a semistable pair. Remark 2.1.2 shows that either (E, u) is a stable pair or there is an
i3M 1,2 , s N such that (E, u) is polystable w.r.t. di. In the first case, we are done. In the
second case, the finiteness of the stabilizer of [h, Srk] implies that the oriented pair (E, e, u)
has only finitely many automorphisms, hence it is a stable oriented pair.
Suppose now that b3B4. If u"0, then E must be a stable coherent sheaf and thus
[h]3P(H[
b
) is a stable point. It follows that [h, 0] is a polystable point. But as [h, 0] is
a fixed point of the C*-action, the SL(»)-stabilizer of [h, 0]3P
b
can be identified with the
SL(») -stabilizer of [h]3P(H[
b
), so that [h, 0] is indeed a stable point. If e"0, then u must
be injective and we may argue in the same manner. If both eO0 and uO0, it suffices to
show that [h, Srk] is a polystable point, since its stabilizer is finite by definition. By the
stability of (E, u), by the ‘‘stable’’ version of Theorem 2.4.5, and by the choice of the d
i
, there
exists an index i3M 1,2 , s N such that (E, u) is polystable w.r.t. di . This in turn shows that
([h], [Srk])3P(H[
b
)]P((SrK)[) is polystable w.r.t. the linearization in O(ra
1
, a
2
) satisfying
dM
i
"p (a
2
/a
1
)/(rk E#(a
2
/a
1
)).
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2.6. Moduli spaces of stable oriented pairs
We need the following proposition
PROPOSITION 2.6.1. „he map ıDB44 : B44"P(Z)44 is finite.
Proof. We claim that ıDB44 is proper and injective. Injectivity follows by standard
arguments. For the proof of properness, we will make use of the discrete valuative criterion.
Let C"Spec R be the spectrum of a discrete valuation ring, c
0
3C the closed point, and
C
0
:"CCMc
0
N. Suppose there is a commutative diagram:
We have to construct a lifting uJ of the map uN . By assumption, we are given a family
(E
C0
, e
C0
, uL
C0
,O
C0
) of semistable oriented pairs over C
0
]X. Note that E
C0
is torsion free. We
claim that we can extend the quotient map
q
C0
:»?n*
X
O
X
(!m)"E
C0
to a homomorphism q
C
:»?n*
X
O
X
(!m)"E
C
over C]X, where E
C
is a flat family of
torsion free coherent sheaves extending E
C0
, q
C
extends q
C0
, and its restriction to Mc
0
N]X is
generically surjective. In order to prove this claim, we first extend the family E
C0
to a flat
family of quotients
qJ
C
:»?n*
X
O
X
(!m)"E3
C
.
There is a locally free sheaf H on X and an epimorphism n*
X
H"E3 [
C
. This yields
a homomorphism
j :»?n*
X
O
X
(!m)"E3
C
PE3 [6[6
C
Pn*
X
H[.
Let E
C
be the maximal subsheaf of n*
X
H[ with the following properties:
ECDC
0
]X"EC0 ; Im jLEC ; dim(supp(EC/Im j ))(dim X.
Note that the set of subsheaves of n*
X
H[ having the above properties contains Im j. One
checks that E
CDMC0N]X
is torsion free, using arguments as in [7, p. 85]. Let t3R be a generator
of the maximal ideal. There is a well-defined integer a such that (tae
C0
, tauL
C0
) extends to the
family E
C
.
The classifying map to P(Z )44 induced by the resulting family
(q
C
:»?n*
X
O
X
(!m)PE
C
, eJ
C
, uL I
C
, O
C
)
is the same as the one induced by uN . By the various stability criteria we have encountered so
far, it follows that H0(qCDMc
0
N]X(m)) is injective and that the triple (ECDMc0N]X
, eJ
CDMc0N]X
, uJ
c0
),
where u
c0
is a framing induced by uLI
CDMc0N]X
, is a semistable oriented pair.
Thus, E
CDMc0N]X
(m) is globally generated and without higher cohomology, the
mapq
CDMc0N]X
is surjective,, and hence q
C
:»?n*
X
O
X
(!m)PE
C
is a flat family of torsion-
free quotients. The family (q
C
:»? n*
X
O
X
(!m)PE
C
, eJ
C
, uL I
C
, O
C
) defines by Proposition
2.3.3 a morphism
uJ :CPB44
which extends u by construction. K
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By Proposition 2.6.1. and [6, Lemma 4.6] the quotient B44//SL(») exists as a projective
scheme. We set
M44
(P,L,E0
) :"B44//SL(» )
M4
(P,L,E0
) :"B4//SL(»).
THEOREM 2.6.2. (i) „here is a natural transformation of functors
q :M44(P,L,E
0
)PhM44MP,L,E
0
N
,
such that for any scheme MI and any natural transformation of functors
q@ :M44
(P,L,E0)
PhMI
there is a unique morphism 0 :M44
(P,L,E0)
PMI such that q@"h (0 ) ° q.
(ii) „he space M4
(P,L,E0)
is a coarse moduli space for stable oriented pairs.
Proof. The existence of the natural transformation is a direct consequence of Proposi-
tion 2.3.3 and 2.3.4. The minimality property of M44
(P,L,E0)
follows from the universal
property of the categorical quoteint.
Since B4 is contained in the set of SL(»)-stable points, the set of closed points of
M4
(P,L,E0)
is the set of equivalence classes of stable oriented pairs which means that
M4
(P,L,E0)
is a coarse modulli space. K
In our applications [13] we shall also need a slightly modified version of the construc-
tions and results above. We fix a line bundle L
0
3Pic(X) and consider only torsion-free
sheaves of determinant isomorphic to L
0
.
More precisely, an L
0
-oriented pair of type (P, E
0
) is a triple (E, e, u) consisting of
a torsion free coherent sheaf E with Hilbert polynomial P and with detE isomorphic toL
0
,
a homomorphism e : det EPL
0
, and a homomorphism u :EPE
0
.
Equivalence classes of such L
0
-oriented pairs, families, equivalence classes of families,
(semi) stability and the corresponding functors M44
(P,L,E0)
are defined as in Section 2.1. The
same methods as above yield the following result:
THEOREM 2.6.3. „here exist moduli spaces M44
(P,L,E0)
and M4
(P,L,E0)
with the following
properties:
(i) „here is a natural transformation of functors
q : M44
(P,L0,E0)
P hM44
(P,L0
,E0
)
,
such that for any scheme MI and any natural transformation of functors
q@ : M44
(P,L0,E0)
PhMI
there is a unique morphism 0 :M44
(P,L0,E0)
PMI such that q@"h (0) ° q.
(ii) „he space M4
(P,L0,E0)
is a coarse moduli space for stable L
0
-oriented pairs.
2.7. The closed points of M44
(P,L,E0)
Let (E, e, u) be a semistable oriented pair of type (P,L, E
0
). If (E, e, u) is stable, then it
defines a closed point in M44
(P,L,E0)
. If (E, e, u) is not stable, then either E is a semistable but
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not stable coherent sheaf, or uO0 and there exists a d3Q[x], d’0, such that (E, u) is
semistable but not stable w.r.t. d. In both cases, there is a Harder—Narasimhan filtration
0"E
0
LE
1
L2LE
s
"E
of E, whose associated graded sheaf gr(E) :"as
i/1
E
i
/E
i~1
inherits a well-defined orienta-
tion e
'3
and a well-defined framing u
'3
from (E, e, u). As usual, the resulting object
(gr(E), e
'3
, u
'3
) is determined up to equivalence. We call it the graded object associated to
(E, e, u). Using the techniques of Section 2.5, i.e., applying Theorem 1.4.1 in the ‘‘polystable’’
version, we reduce the polystability of (gr(E), e
'3
, u
'3
) to the respective results of [5, 7, 8], and
[9]. Finally, one easily adapts the proof in [8, p. 312] to show that a semistable oriented pair
(E, e, u) can be deformed into its graded object. If we call two semistable oriented pairs
(E
i
, e
i
, u
i
), i"1, 2, gr-equivalent if their associated graded objects are equivalent, then we see
that the closed points of M44
(P,L,E0)
correspond to gr-equivalence classes of semistable
oriented pairs of type (P,L, E
0
).
2.8. The C*-action on M44
(P,L,E0)
The moduli space possesses a natural C*-action, given by
z ) [E, e, u] :"[E, e, zu]"[E, z~re, u].
The set of fixed points of this action can easily be described: It consists of classes [E, 0, u],
[E, e, 0], and of classes [ker(u)
.!9
=E@, e, u] with 0Oker(u)
.!9
.
The C*-action is naturally linearized in an ample line bundle coming from the descrip-
tion ofM44
(P,L,E0)
as GIT-quotient. This line bundle and the polarization which it represents
may, however, depend on an integer m chosen in the course of the construction. Neverthe-
less, we can state the following result which clarifies the birational geometry of the moduli
spaces M44d (X; E0, P) constructed in [8]:
THEOREM 2.8.1. ‚et d
i
3Q[x], i"1, 2, be polynomials with positive leading coefficients.
For a suitable choice of the polarization on M44
(P,L,E0)
the following properties hold true:
(i) M44di (X; E0, P), i"1, 2, are C*-quotients of the master space M44(P,L,E0) .
(ii) M44d1 (X; E0, P) and M44d2(X; E0, P) are related by a chain of generalized flips.
Proof. Let m be so large that a pair (E, u) is semistable w.r.t. d
i
if and only the pair
(E(m), u (m)) is sectional semistable w.r.t. d
i
(m), i"1, 2, and that all the other requirements
needed in the constructions are met. Then our proof of Theorem 2.4.1 together with the
results of Section 1 easily yields the assertions of the theorem. K
We note that the d
i
for which the corresponding set of C*-stable points meets the fixed
point set of the C*-action, i.e., for which the corresponding set of C*-stable points contains
stable oriented pairs of the type [ker(u)
.!9
=E@, e, u] with 0Oker(u)
.!9
are uniquely
determined. The corresponding polynomial is rk E @(PE@!P,%3(u).!9/rk ker(u).!9). The asso-
ciated moduli spaces Mdi are those which show up ‘‘at the bottom’’ of the flips.
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